ABSTRACT. We study the Abel-Jacobi image of the Ceresa cycle W k − W − k , where W k is the image of the k-th symmetric product of a curve X on its Jacobian variety. For the Fermat curve of degree N , we express it in terms of special values of generalized hypergeometric functions and give a criterion for the non-vanishing of W k − W − k modulo algebraic equivalence, which is verified numerically for some N and k.
INTRODUCTION
Let A be a smooth projective variety of dimension g over C. The Chow group CH k (A) of algebraic cycles of dimension k on A modulo rational equivalence has the subgroups
of homologically and algebraically trivial cycles, respectively. Consider the Abel-Jacobi map
to the Griffiths intermediate Jacobian, which is a complex torus associated to the Hodge structure H 2k+1 (A)(−k). Since the the image of an algebraically trivial cycle has a certain Hodge-theoretic property, the Abel-Jacobi map gives us a criterion for a homologically trivial cycle not to be algebraically trivial, in other words, non-trivial in the Griffiths group CH k (A) hom / CH k (A) alg . Let X be a smooth projective curve of genus g ≥ 3 and A be its Jacobian variety. By choosing a base point, X is embedded into A and the k-th symmetric product of X defines an algebraic cycle of dimension k on A, which is historically denoted by W k . Since the inversion of A acts trivially on the homology groups of even degree, the cycle W k − W − k is homologically trivial. This is called the Ceresa cycle and Ceresa [4] showed that W k −W − k is not algebraically trivial for a generic curve X and 1 ≤ k ≤ g − 2. Note that Φ g−1 is an isomorphism by the Abel-Jacobi theorem.
Harris [13] defined an invariant called the pointed harmonic volume using Chen's iterated integrals, and showed that it calculates Φ 1 (W 1 − W Moreover, he showed that the iterated integrals on the Fermat curve are expressed by special values of Barnes' generalized hypergeometric function 3 F 2 .
In this paper, we generalize the above results of Harris and Tadokoro and calculate the harmonic volume of the Fermat curve of arbitrary degree. Moreover, we reduce the study of Φ k (W k − W − k ) for any k to the case k = 1, and hence to the calculation of the harmonic volume. As a result, we shall prove: Theorem 1.1. Let X be the Fermat curve of degree N ≥ 4, and k be an integer with 1 ≤ k ≤ g − 2 where g = (N − 1)(N − 2)/2. Our key ingredients are as follows. First, we extend the coefficients to O = Z[µ N ], so that the cohomology H 1 (X, Z) ⊗ O has 2g linearly independent elements {ϕ a,b } which are eigenvectors with respect to a group action. The harmonic volume is a functional on a subgroup K Z ⊗ H 1 Z ⊂ ⊗ 3 H 1 (X, Z) with values in R/Z. We evaluate it at ϕ a1,b1 ⊗ ϕ a2,b2 ⊗ ϕ a2,b3 satisfying certain assumption. Then, it takes the value in (O ⊗ R)/O, which is isomorphic to the direct sum of copies of C for the infinite places of Q(µ N ). The harmonic volume is defined by iterated integrals of length ≤ 2, and the iterated integral of ϕ a,b coincides with an integral representation of the value at 1 of Barnes' generalized hypergeometric function 3 F 2 . This value is also written as a special value of Appell's generalized hypergeometric function F 3 of two variables.
The intermediate Jacobian
, after multiplied by k!, is written as the Pontryagin product of Φ 1 (W 1 − W − 1 ) and a cycle class, so we are reduced to the case k = 1. We shall take up a special element
It takes the value in (O ⊗ R)/O and we obtain Theorem 1.1 (i). By taking the trace to R/Z, we obtain (ii), which can be computed numerically. Since the above element has the Hodge type (k + 2, k − 1)+ (k − 1, k + 2), the non-vanishing implies that W k − W − k is not algebraically trivial. Finally, let us mention a connection to number theory. If a curve X is defined over a number field, then so is its Jacobian A and CH k (A) is conjectured to be a finitely generated abelian group. The conjecture of Swinnerton-Dyer [22] (generalizing the BirchSwinnerton-Dyer conjecture) states that
.
is the L-function associated to the i-th cohomological motive of A, which conjecturally is continued analytically to the whole complex plane and satisfies a functional equation with respect to s ↔ 2k + 2 − s. If X is a Fermat curve, then by Weil [25] 
is the product of the L-functions of Jacobisum Hecke characters of cyclotomic fields. Therefore, the non-torsionness of
⊗ O should be related with the vanishing of the corresponding L-function at s = k + 1, and our result suggests a connection between hypergeometric values and the Jacobi-sum Hecke L-functions. Such a connection is also found in [18] , where the Beilinson regulator is written in terms of similar hypergeometric values.
This paper is organized as follows. In §2, we recall the Abel-Jacobi map, the pointed harmonic volume, and Harris' theorem as reworked by Pulte. In §3, after introducing the Pontryagin product, we reduce the calculation of the Able-Jacobi image of the Ceresa cycle to the case k = 1. In §4, we calculate the iterated integrals and the harmonic volume of the Fermat curve, and express them as special values of generalized hypergeometric functions. Finally, we evaluate the Abel-Jacobi image at a special element and prove Theorem 1.1.
The author would like to thank Tomohide Terasoma for his suggestion to read the works of Harris and Tadokoro. I am also grateful to Seidai Yasuda and Yuuki Tadokoro for their valuable comments.
ABEL-JACOBI MAPS AND HARMONIC VOLUME
In this section, we first recall the necessary materials on the Griffiths intermediate Jacobians and the Abel-Jacobi maps. Then, we introduce iterated integrals and the extension of mixed Hodge structures associated to the fundamental group, which is the most natural way due to Pulte to introduce Harris' pointed harmonic volume.
2.1. Abel-Jacobi maps. Recall [7] that a Hodge structure of weight w is a Z-module H Z of finite rank equipped with a finite descending filtration
If X is a smooth projective variety over C, the cohomology group H n (X, Z) underlies a Hodge structure of weight n, which we denote by H n (X). Let Z denote the Hodge structure of weight 0 with H Z = Z, H C = H 0,0 . For a Hodge structure H of weight w, we denote by H(r) the Hodge structure of weight w − 2r with the same Z-lattice H Z and the shifted filtration F p H(r) C = F p+r H C . If H is a Hodge structure of weight −1, then
defines a complex torus, and this construction is functorial in H. In particular, for a smooth projective variety X over C, H 2k+1 (X)(−k) is a Hodge structure of weight −1, and the associated complex torus
is the k-th intermediate Jacobian of Griffiths. Since
Then the inclusion H R → H C induces an isomorphism
of real Lie groups. Its inverse is induced by
where the first map is the projection and the second map sends α to α + α. Therefore, for a Hodge structure H of weight 1, we have an isomorphism of real tori
In particular, we have
Let Z be an algebraic cycle on X of dimension k. Then the cycle class map
defines an element of
where Hom means the homomorphisms of Hodge structures. Let
is well-defined up to periods. By the identification (2.1), the Abel-Jacobi map of dimension k
is nothing but the Picard variety of X and Φ k is an isomorphism by the classical Abel-Jacobi theorem.
Let CH k (X) alg ⊂ CH k (X) hom be the subgroup of algebraically trivial cycles, i.e. those cycles obtained as p * (Γ · q * D) where D is a divisor of degree 0 on a curve C, Γ is an algebraic (k + 1)-cycle on X × C, and p : X × C → X, q : X × C → C are the projections. One sees that if Z ∈ CH k (X) alg , then Φ k (Z) is contained in
Therefore, under the identifications (2.1) and (2.2), the image Φ k (Z) as a functional vanishes on
respectively. Recall [7] that a mixed Hodge structure is a Z-module H Z of finite rank equipped with an increasing weight filtration W • H Q and a decreasing Hodge filtration F
• H C such that for each w, Gr W w H Q with the induced filtration F
• is a Q-Hodge structure of weight w. For mixed Hodge structures A, B, let Ext(A, B) denote the group of congruence classes of extensions of mixed Hodge structures (see [3] ), i.e. exact sequences
of mixed Hodge structures with the natural equivalence relation and the Baer sum.
If A, B are Hodge structures of weights w, v, respectively, then Hom(A, B) is a Hodge structure of weight v − w. By Carlson [3] , when v − w = −1, we have an isomorphism
given as follows. For an extension E as above, there is a section s F : A C → E C compatible with the Hodge filtrations and a retraction r Z : E Z → B Z of Z-modules. We associate to E the class of r Z • s F , which is well-defined. If we apply this to
we obtain another identification
Harmonic volume.
Let X be a smooth projective variety over C. Recall that, for smooth 1-forms ϕ i (i = 1, 2) and a piecewise smooth path γ on X, Chen's iterated integral (of length 2) is defined by
where γ
It follows that
and
for a loop γ and a path α with γ(0) = α(0). An iterated integral is closed if its value at γ depends only on its homotopy class relative to the endpoints. Fix a base point x ∈ X and consider the fundamental group π 1 (X, x). Let a be the augmentation ideal of the group ring Zπ 1 (X, x), i.e. the kernel of the degree map
Then, by Chen's π 1 de Rham theorem ( [5] , see also [12] ), Hom(Zπ(X, x)/a s+1 , R) is generated by closed iterated integrals of length ≤ s. Using this, Hain [12] defined a mixed Hodge structure on Zπ 1 (X, x)/a s such that the natural map Zπ 1 (X, x)/a s → Zπ 1 (X, x)/a t for s ≥ t is a morphism of mixed Hodge structures (there is a different approach by Morgan [17] ).
Consider the exact sequence of mixed Hodge structures
The map π 1 (X, x) → a/a 2 ; γ → γ − 1 is well-defined and induces an isomorphism
of Hodge structures of weight −1. On the other hand, if we put
of Hodge structures of weight 2. Taking the dual of (2.6), we obtain an exact sequence
of mixed Hodge structures, so it defines an element
Now, let X be a projective smooth curve over C of genus g > 0. Let
be the canonical pairing and
By the Poincaré duality
we can regard m(x) as an element of
This coincides with the pointed harmonic volume of Harris [13] (see also [15] ):
Theorem 2.1 (Pulte [19] , Theorem 3.9). As a functional, m(x) sends
and γ 3 is a loop based at x whose homology class is the Poincaré dual of ϕ 3 .
Here, for the Poincaré duality, we follow the convention of Harris (loc. cit.) : γ is the Poincaré dual of α if
Later, we shall restrict ourselves to the case when both ϕ 1 , ϕ 2 are holomorphic, so that η in the theorem is trivial.
Let A be the Jacobian variety of X. Choosing a base point x, X is embedded into A by
It induces isomorphisms
which do not depend on the choice of x. We identify these and sometimes denote them just by H 1 , H 1 . Recall that the cup product induces an isomorphism
One sees easily, for example using a symplectic basis of H 1 (X, Z), that the wedge product
1 is surjective, so we have an injection
The image W 1 (x) := ι x (X) defines an algebraic 1-cycle on A. Since the inversion and a translation fix H 2 (A, Z), we have W 1 (x) − W ± 1 (y) ∈ CH 1 (A) hom for any x, y ∈ X. Then, Harris' result [13] reworked by Pulte [19] , Theorem 4.9, is: Theorem 2.2. Let X be a smooth projective curve over C and x, y ∈ X. Under (2.7),
In this section, we recall product structures on the (co)homology groups of an Abelian variety and reduce the calculation of the Abel-Jacobi image of Ceresa cycles to the case k = 1.
Products. For an abelian variety
be the addition and the diagonal, respectively. The Pontryagin product * :
is defined to be the composition of the exterior product and the push-forward µ * . It makes CH • (A) a graded commutative ring. Similarly, we have the Pontryagin product on homology
, which is a morphism of Hodge structures of weight −p − q. It is skew-symmetric, i.e. α * β = (−1) pq β * α, and induces an isomorphism
If we identify these groups, the Pontryagin product is identified with the natural map
Pontryagin products on Chow groups and homology groups are compatible with the cycle maps cl n : CH n (A) → H 2n (A, Z). On the other hand, the intersection product
and the cup product ∪ :
are the composition of the exterior product and the pull-back ∆ * . It induces an isomorphism
and under this identification, the cup product is identified with the natural map
Therefore, the (co)homology rings (H • (A), * ), (H • (A), ∪) are identified with the exterior algebras ∧
• H 1 (A), ∧ • H 1 (A), respectively, and are dual to each other. The canonical pairing ( , ) : H n (A) ⊗ H n (A) → Z is identified with the pairing
be the dual of the natural map (3.2). Then, for ϕ = ϕ 1 ∧ · · · ∧ ϕ p+q ∈ ∧ p+q H 1 (A), we have
where we put
Proof
Then those α τ andα τ with order-preserving τ form bases of ∧ n H 1 and ∧ n H 1 , respectively, dual to each other. Then, for order-preserving injections τ p : {1, 2, . . . , p} → {1, . . . , 2g}, τ q : {1, 2, . . . , q} → {1, . . . , 2g} with p + q = n,
is non-trivial if and only if there exists σ ∈ S n such that
for all 1 ≤ i ≤ p, 1 ≤ j ≤ q, in which case, α τp ∧ α τq = sgn(σ)α τ , so the assertion for ϕ =α τ is proved. Since the right-hand side of the formula is multi-linear and skewsymmetric, the general case follows.
3.2. Ceresa cycles of higher dimension. Let X k denote the k-fold product of X and X k denote the k-th symmetric product. Then we have a commutative diagram
where π is the natural projection, µ is the addition and (ι x ) k is the induced morphism. For
defines an algebraic k-cycle on A. As before, we have
algebraic equivalence does not depend on x and y.
Since π is a finite morphism of degree k!, we have
where * k denotes the k-fold Pontryagin product. Since the Pontryagin product on the Chow ring is commutative and compatible with the inversion, we have:
We put
Lemma 3.4. Under the identification
where σ runs through the elements of
Proof. Use Lemma 3.1 recursively with p = 2.
The Pontryagin product * :
is a morphism of Hodge structures of weight −1 and induces a homomorphism * :
Lemma 3.5. We have an identity in
J k (A) k! · Φ k (W k (x) − W ± k (y)) = Φ 1 (W 1 (x) − W ± 1 (y)) * v k−1 .
Proof. By (3.3) and Lemma 3.3, it suffices to show the commutativity of the diagram
which is clear since ∂W × Z = ∂(W × Z) for a topological 3-chain W and a topological 2(k − 1)-cycle Z, and Φ k commutes with µ * .
By (2.2) and (3.1), we have
so (3.4) is identified with a map
This map is the restriction of the map induced from the homomorphism
of Lemma 3.1. Therefore:
From the above lemmas, we obtain: Proposition 3.7. Under the identification (3.5), we have for
where σ runs through the elements of S 2k+1 such that σ(1) < σ(2) < σ(3), σ(2i + 2) < σ(2i + 3) for 1 ≤ i ≤ k − 1, and σ(2i + 2) < σ(2i + 4) for 1 ≤ i ≤ k − 2.
FERMAT CURVE
In this section, after recalling basic materials, we calculate iterated integrals and the pointed harmonic volume of the Fermat curve. Then, we derive a description of the AbelJacobi image of the Ceresa cycle. Finally, we introduce examples of cohomology classes of Hodge type (k + 2, k − 1) + (k − 1, k + 2).
Iterated integral on the Fermat curve. Let N ≥ 4 be an integer and let
be the Fermat curve of degree N and x N + y N = 1 be its affine equation. As a base point, we choose (x, y) = (0, 1). Its genus is g = (N − 1)(N − 2)/2 ≥ 3 by our assumption. Let µ N be the group of N -th roots of unity in C and put ζ = exp(2πi/N ). Put a group G = µ N × µ N and its elements α = (ζ, 1), β = (1, ζ). Let G act on X by α r β s (x, y) = (ζ r x, ζ s y). If R is a ring, then the group ring R[G] acts on H 1 (X, R) (resp. H 1 (X, R)) by the pushforward (resp. pull-back).
Define a path by
where the branches are taken in R ≥0 . If we put
it is a loop with the base point (0, 1). Then, H 1 (X, Z) is a cyclic Z[G]-module generated by κ (Rohrlich [20] ). We put an index set
For a ∈ Z/N Z − {0}, let a ∈ {1, 2, . . . , N − 1} denote its representative. For (a, b) ∈ I, we define a differential form by
Note that ω a,b 0 is an eigenvector for the G-action:
It is a differential form of the second kind (i.e. has no residues) and defines a cohomology class, which by abuse of notation we denote by the same letter. It is of the first kind (i.e. holomorphic) if and only if (a, b) belongs to
Note that for each (a, b) ∈ I, exactly one of (a, b), (−a, −b) is in I holo . It is well-known that
where B(s, t) is the Beta function. If we normalize as
then we have (α r β s ) * δ ω a,b = ζ ar+bs , hence the periods
By using (2.3), (2.4), we have ( [24] , Lemma 3.5)
As a loop with the base point (0, 1) representing the homology class of (α r β s ) * κ, we choose
Then we have similarly using (2.5)
, Theorem 3.6). We have proved: 
where
with Z-coefficients independent of r, s.
Harmonic volume of the Fermat curve.
Let K = Q(µ N ) be the N -cyclotomic field, O be its integer ring and fix a primitive N -th root of unity ξ ∈ O. We use notations such as
Since we fixed the base point (0, 1), we denote the pointed harmonic volume just by m. It extends naturally to 
is the trace map.
For each (a, b) ∈ I, define a character by
be the projector to the θ a,b -isotropic component. By the structure of H 1 (X, Z) and H 1 (X, C) mentioned above and the Poincaré duality,
K be the element corresponding under the Poincaré duality to
Proof. Under the Poincaré duality, g * on the homology corresponds to (g −1 ) * on the cohomology. Therefore, (σ(p −a,−b )) * κ correspond to a constant multiple of ω ha,hb . By (4.1), we have
if (c, d) = (−ha, −hb), and 0 otherwise. On the other hand, one calculates
if (c, d) = (−ha, −hb), and 0 otherwise. By comparison, we obtain the result.
Remark 4.3.
It follows from (4.1) that, for any (a, b) ∈ I, we have
We restrict ourselves to the following situation.
Assumption 4.4. Let (a i , b i ) ∈ I (i = 1, 2, 3) and assume: 
where P is a polynomial with Z-coefficients independent of σ.
Proof. By Assumption 4.4 (ii) and the assumption on σ, we have η = 0 in Theorem 2.1. By Proposition 4.2 (i), we are reduced to calculate
Then, by Proposition 4.1 and Assumption 4.4 (i), we obtain the result. 
Proof. It is immediate if h satisfies the assumption of the proposition. The harmonic volume has the following property [15] : if ϕ i , ϕ j = 0 for any
Therefore we can assume that (ha 1 , hb 1 ) and (ha 2 , hb 2 ) have the same type. Then, since m σ = m σ , we are reduced to the first case.
Theorem 4.8. Under Assumption 4.4, we have
where the sum is taken over h ∈ (Z/N Z) * such that (ha i , hb i ) ∈ I holo for i = 1, 2. 
and, for 1 ≤ i ≤ k − 1,
Corollary 4.9. With the notations as above, we have
where the sum is as in Theorem 4.8.
Proof. This follows from Theorem 2.2, Proposition 3.7 and Theorem 4.8.
Examples.
For the non-triviality of W k − W − k modulo algebraic equivalence, not only rational equivalence, we consider the following case. 
Proof. It follows from Proposition 4.2 (i) and our assumptions.
Therefore, the non-vanishing of
alg . Now we give such examples. Note that it suffices to give {(a i , b i ) | i = 1, 2, 3}, since we can always find the others by the assumption k ≤ g − 2. There is a unique holomorphic 1-form ω i on C such that f * ω i = ω ai,bi and H 1 (C, Z) is generated by {f * ((α r ) * (δ · (α * δ) −1 )) | r ∈ Z/7Z} (cf. [23] ). Since f * ((α r ) * (δ·(α * δ) −1 ))
Therefore, if the quantity of Corollary 4.9 is not a rational integer (which will be verified in §5.3), then the Ceresa cycle (k = 1) of C is non-trivial modulo algebraic equivalence, which reproves Tadokoro's theorem [23] .
Remark 4.13. In fact, it is known that the Ceresa cycle (k = 1) of C is non-torsion modulo algebraic equivalence. In [16] , Kimura proves that the image of the modified diagonal cycle of Gross-Schoen [11] under the ℓ-adic Abel-Jacobi map (for some prime ℓ) is non-torsion, and the image equals the image of the Ceresa cycle times 3 (Colombo-van Geemen [6] , Proposition 2.9).
GENERALIZED HYPERGEOMETRIC FUNCTIONS
In this section, after recalling generalized hypergeometric functions of Barnes and Appell, we express the harmonic volume of the Fermat curve in terms of special values of those functions. Finally, we compute examples and prove Theorem 1.1.
Barnes' hypergeometric function
be the Pochhammer symbol, where Γ (s) is the Gamma function. For d, e ∈ {0, −1, −2, . . . }, Barnes hypergeometric function 3 F 2 is defined by
Its radius of convergence is 1, but if Re(d + e − a − b − c) > 0, it also converges for |x| = 1. We use the standard notation
By the integral representation of Euler type (cf. [21] ), we have
By using Dixon's formula (cf. [21] ) repeatedly, we obtain ten such expressions.
Lemma 5.1. If 0 < α i , β i < 1, then we have
where the ninth one converges when α 1 + α 2 + β 1 + β 2 < 1.
We shall use the last one, which is most symmetric and has the rapidest convergence.
5.2.
Appell's hypergeometric function F 3 . Appell's hypergeometric function F 3 of two variables [1] is defined by In particular, we have The author verified that f (N, 1) ∈ Z for N ≤ 1000 (see the table below for N < 100) and that f (N, k) ∈ Z for N ≤ 8 and any k, hence Theorem 1.1 (ii) is proved.
In view of Swinnerton-Dyer's conjecture (see Introduction), one may also fix N , k and compute mf (N, k) for various m to obtain a lower bound of the order of W k −W 
